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Abstract. We provide a characterization of the bivariate Wishart
and normal-Wishart distributions. Assume that % = {x, x,} has
a non-singular bivariate normal pdf f(X) = N (i, W) with unknown
mean vector ji and unknown precision matrix W Let f(X)=
Slx)) f(xz2 | x1), where f{xi)=N(my, 1/v;) and f(x;|x)) =
N(may+byz2 %1, 1/v5)1). Similarly, define {v,, v1)2, bay, ma, my)a}
using the factorization f(%) =f(x,}f(x1 | x2). Assume ji and W have
a strictly positive joint pdf f;w (i, W). Then f; y is a normal-Wishart
pdf if and only if global independence holds, namely,

{ve, mi}L{va)s, baz, ma} and  {vy, ma}L{v4)2, b2y, My},
and local independence holds, namely,
J’{”T: m’f}’ -L{U;II’ TZ: m;ll} and J—{Ugs mi}r -L{UT|2: 21; mle}

(where x* denotes the standardized r.v. x and | stands for indepen-
dence). We also characterize the bivariate pdfs that satisfy global in-
dependence alone. Such pdfs are termed hyper-Markov laws and they
are used for a decomposable prior-to-posterior analysis of Bayesian
networks.

1. Introduction. Suppose X = {x,, x,} has a non-singular bivariate normal
distribution N (i, W) given by

) fX) = @n)~"2|W|"2exp(—(1/2) R — @) W (X~ D)),

where i = (uy, §) is a two-dimensional mean vector and W = (w;;) is a 2x2
precision matrix, namely, the inverse of a covariance matrix. We wish to deter-
mine j and W from a sample of values of X.

The standard Bayesian approach to this statistical inference problem is to
consider j and Was parameters, assign them a prior joint pdf and compute the

* Part of this work was done while the author visited Microsoft Research Center.
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posterior joint pdf of these parameters, given the observed set of values. The
usual prior to select is the normal-Wishart distribution, that is, the joint prior
of the precision matrix W is a Wishart distribution W (a, T) given by

@ fw(W) = C(a, T)|W|*~ 2 exp((—1/2) tr {TW}),

where C(a, T) is a normalization constant, T'is a symmetric matrix, and a > 1
can be interpreted as the effective sample size (e.g., DeGroot [3], p. 55). The
distribution fzw (fi | W) is the normal distribution N (f,, W), where g > 0 is
another effective sample size. The joint pdf,

G - - C Saw (@, W) = fr (W) faw (] W),

is called the normal-Wishart distribution and it is selected as a prior mostly due
to the fact that it is a conjugate distribution for normal distribution with
unknown mean and unknown precision matrix.

A closely related variant of this approach is based on the fact that a bi-
variate non-singular normal distribution f(X) can be written as f(%)=
S1(x1) f211(x2 | x1), where each factor is a normal distribution. More specif-
ically, f(x;) = N(m,, 1/v{) and

@) a1 (%2 | x1) = N (may +b12 %1, 1/v51),

where my = py, my;; = Uy —by, iy, and where y; is the unconditional mean of
X;, vy is the variance of x, v;; is the conditional variance of x, given a value
for x;, and b, is the regression coefficient of x, on x;. The parameters {m;, v,}
are said to be associated with f; and the parameters {my;, vy)1, by2} are
associated with f,,. Of course, the roles of x; and x, can be reversed, in which
case we have f(X)=f;(x;)f12(x1 | xz), and the parameters {m,, v,} are
associated with f, and {my,, v1)2, b2;} are associated with fy,.

The first question we pose is as follows. Suppose {m,, v;} are independent
of {my1, vy)1, b1y} and that {m,, v,} are independent of {mys, vys, bs1}.
These statements of independence are termed global (parameter) independence

" by Dawid and Lauritzen [2] and a pdf that satisfies global independence is said
to be a hyper-Markov law. The term “law” is used to emphasize that the pdfs
under study are quantifying beliefs regarding parameters; that is, a law is
a “subjective” pdf regarding the parameters of an “objective” distribution.
What can be said about a joint pdf of ji, W that generates such independence
statements? We show, under the assumption of a positive pdf for ji, W that
every pdf that satisfies global independence must have the form

i, W)= W(x, T) H(wy2),

where W («, T) is a Wishart pdf and H is an arbitrary function such that f is
a positive pdf. This result characterizes the class of positive bivariate hyper-
-Markov laws. The importance of hyper-Markov laws for a manageable
prior-to-posterior analysis of decomposable graphical models is established
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in [2]. Geiger and Heckerman (see [5] and [6]) extend the prior-to-posterior
analysis to any directed acyclic graphical model (called a Bayesian network). In
Section 4 we discuss a conjecture regarding the characterization of the »n-variate
hyper-Markov laws along with its implication to the analysis of graphical
models.

The second question we address is to find additional natural independence
assertions that would leave the normal-Wishart distribution as the only possible
prior for {fi, W}. Clearly, m; and v, are not independent when a nor-
mal-Wishart prior is selected for {ji, W}, because the variance of m, depends
on v;. However, the standardized mean of x,, denoted by mf, is independent of
v,. We say that local (parameter) independence holds for the order x,, x, if the
standardized parameters associated with f; are mutually independent, namely
mf is independent of vf and the standardized parameters associated with
f21 are mutuvally independent, ie., {m%, v}, bf,} are mutually independent.
Local independence holds if it holds for the order x,, x, and for the order x,, x;.
The main result of this article is that if local and global independence hold, and
assuming a positive pdf f(i, W), then f(ji, W) must be a normal-Wishart
distribution. Therefore, local and global independence characterize the positive
bivariate normal-Wishart distribution. We believe that the positivity assump-
tion is actually redundant.

The mathematical tool we use for the proof of the normal-Wishart charac-
terization is the theory of functional equations [1]. In Section 2 we develop the
needed functional equation and use results of [8] to prove that every positive
measurable solution of it has infinitely many derivatives. In Sections 3-5 we
gradually solve this equation and in Section 6 we outline a related work [4]
and possible extensions along with their statistical application.

2. The functional equation. Let ¥ = {x;, x,} have a non-singular bivariate
normal pdf f(X)= N (i, W). If we write

J@&) =flx1)f(x2 | x1),  where f(x1) = N(my, 1/v,)

and
f X3 x1) = N(my +by3 %1, 1/v4)2),

then the following well-known relations ‘are satisfied:

Wi =—+— Wp=—", Wp=—,
)] Uy Vg1 Uyt U211

my =Hfy, My = P2—bispy.
Similar equalities hold when f(X) is written as f,(x,)fi2 (X1 | x2). Note that

the transformation between {ji, W} and {m,, v,, my);, 01, by,} is one-to-one
and onto as long as W is the inverse of a covariance matrix and the variances
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vy, Uy)y are positive. The Jacobian of this transformation is given by

OW11, Wiz, Waz, Hi, ﬂz[ -y
1

2,,-3
3 b BREERCES
U1, V12, D12, My, Majq

(6)
The statement x_Ly means that x and y are independent, and L{x, y, z}
means that x, y and z are mutually independent. For a random variable x, let
x* denote its corresponding standardized random variable, i.., the centralized
x divided by its standard deviation.
~ We can now state the characterization theorem.

. THEOREM 1. Let % = {x,, x,} have a non-singular bivariate normal pdf
f(X)= N (i, W), where ji and W are unknown. Assume [i and W have a strictly
positive joint pdf fiw(il, W). Then fyw is a normal-Wishart pdf if and only
if global independence holds, namely,

{01, m1}—L{Uzl1, b3, m2|1} and {02, mz}l{vuh by, ml[z}
and local independence holds, namely,
J—{Ufa m’f}, -J-{Ugu, bt,, mgu} and J—{”f: m;}: J—{Uﬁz, b%,, m’f|2}-

The pdf f; w can be written, by a change of variables, in terms of vy, v;)y,
by, my, my); as well as in terms of v,, v4)5, by, My, My),, using the Jacobian
given by equation (6). Consequently, it is immediate to verify that global and
local independence are satisfied. For the converse, since both representations
must be equal, and using the global independence assumption made by Theo-
rem 1, we get the following equality each side of which is equal to f; w:
M

1

3 fi(my, U1)f2[1(mz|1, bi2, Uz|1)
v U1

1
= ——=— fa(ma, v2) fi12(My)2, b2y, vy)2),
02012

where fi, fy1, f2, and fy), are arbitrary pdfs, and, from equation (5),

byyv V(g U

_ 2 D1y _Uanly

Uy = Vg1 +01b72, by = s Dy = )
Uy Uy

®)

my; =my;+biamy, myy=my—bym,.

This equality is in fact a functional equation that encodes the assumption
of global independence. By solving it, we obtain all pdfs that satisfy global
independence. At the second step we incorporate the assumption of local in-
dependence into the solutions obtained to show that f; must be a nor-
mal-Wishart pdf. Note that we may regard v; > 0, vy > 0, by, # 0, my, my, as
free variables and all other variables are defined by equation (8).
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Methods for solving functional equations such as equation (7), that is,
finding all functions that satisfy them under different regularity assumptions,
are discussed in [1]. We use the following technique. We take repeated deriva-
tives of a logarithmic transformation of equation (7) and obtain a differen-
tial equation the solution of which after appropriate specialization is the
general solution of (7) (Aczél [1], Section 4.2, Reduction to differential equa-
tions).

The reduction to differential equations is justified by the results in Jarai
[8]. Jarai has extensively investigated the following type of functional equation:

® f&=Y m(t, y, fila:e, ),
i=1
where f, fi,..., f, are unknown functions, h,, ..., h,, gy, ..., g, are known

functions satisfying some regularity conditions and all variable and function
values may be vectors. By taking the logarithm of equation (7), which is jus-
tified since we assume all pdfs are positive, we obtain a functional equation of
the form given by equation (9). Jarai showed, among other results, that every
measurable solution of equation (9) must have infinitely many derivatives (The-
orems 3.3, 5.2, 7.2 in [8]). Since equation (7) satisfies the needed regularity
conditions, we may conclude that any positive pdf that solves it must have
indefinitely many derivatives (since a pdf is Lebesgue integrable and thus
measurable). We conjecture, though, that every measurable solution of equa-
tion (7) which is positive on a measurable subset of a positive measure (i.c., any
pdf) must be positive, and so we believe the assumption of positiveness is
actually redundant. The importance of Jarai’s results is that in the process of
solving equation (7) one may take as many derivatives as is found needed.
Further examples of the applicability of Jarai’s results to characterization prob-
lems in statistics are discussed in [6] along with an example where they fail.

3. The bivariate equation with a fixed precision matrix. We shall first as-
sume the variances v; and v,); in equation (7) are fixed and that b, , is fixed and
is not zero. Thus, by renaming variables and functions, equation (7) can be
stated as follows: :

(10) Fm)§(m) = h(n+wm) E(m—y?w(n+wm)),
where x =z+yw? w#0, y >0, and z> 0. The free variables are m and
n which correspond to m; and m,; while x, y, z and w are fixed constants
which correspond to v,, vy, v, and by,, respectively. Let

u= m—y?w(n+wm).

Let a(t) = logd(t) for every function 4.
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Taking the logarithm and then a derivative once with respect to m and
once with respect to n yields the following two equations, respectively:

w
£ (m) = wh'(n+wm)+§k’(u), g )= h’(n+wm)—y7k’(u).
By taking a derivative with respect to n and m of these equations, we get

2
17 (m) = wPh" (n+wm)+%k" ()

and

2w

- * i 2
g () =K' (n+wm)+y7k” @, 0=wh" (n+wm)—33§ K ().
Consequently, using x = z+yw?, we obtain

(11) 17 (m) = 3"" ()

for every m and n. Since z and y are held fixed, f” (m) and g”(n) must both be
constant functions, and therefore by integrating twice and then taking the
e€xponent we get

f(m) = exp(c; m*+c,m+cs),

which implies that f'is a normal pdf. Similarly, § is normal and by symmetric
arguments # and k are normal pdfs as well. Thus, we may conclude that, for
a fixed objective precision matrix, global parameter independence implies that
{m,, my,} have independent normal pdfs, and so do {m,, m,,}. It follows that
{m,, m,} have a joint normal pdf.

One may regard this result as a characterization of a normal pdf, however,
this result is by no means new since a more general characterization of a nor-
mal pdf is well known as the Skitovich-Darmois theorem. Suppose X, ..., X,

“are independent random variables and let L, = Yo, X; and L, =) B; X; be

two linear statistics, where o; and f; are constant coefficients. If L; and L, are
independent, then the random variables X; for which «; f; # 0 are all normal.
(This result is described in [9], Theorem 3.1.1, along with its history.) This
theorem is applicable by choosing X; =m;, X, =m,,;, L, =m, and
L, = my|, (see equation (8)).

The new twist emphasized herein is that global parameter independence
implies a joint subjective normal pdf for the unknown means of an objective
normal pdf with a fixed precision matrix. Furthermore, we demonstrate the
powerful and elementary tools of functional equations. Jarai’s results can now
be called upon to prove that any positive measurable function that satisfies
equation (7) must have infinitely many derivatives and therefore the steps we
have taken to solve this equation are justified.
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4. The fixed means bivariate equation. We shall now assume that the means
m, and m,; in equation (7) are fixed. Consequently, we obtain the following
weaker version of Theorem 1 which characterizes the Wishart distribution:

THEOREM 2. Let % = {xy, x,} have a non-singular bivariate normal pdf
f(X) = N (&, W), where ji is known and W is unknown. Assume W has a strictly
positive joint pdf fw (W). Then fy is a Wishart pdf if and only if global indepen-
dence holds, namely,

{171}l{02|1, b12} and {Uz}—L{Uuz, bz1}
and local independence holds, namely,
l{U§|1, b’fz} and J—{Uik|2: 31}

For known ji equation (7) can be stated as follows:
I z yw
(12) F0)i(z. w) = Fx)k (y i )

where x =z+yw?, w#0, y>0, and z > 0. Recall that a(y) =logd(y) for
every function 4. Also let g;(z, w) denote the first derivative with respect to the
argument i of logd(z, w) and let g;;(z, w) denote the mixed derivative.

Taking the logarithm in equation (12) and then a derivative once with
respect to z, once with respect to w, and once with respect to y we obtain the
following three equations, respectively:

y2w z YW z YW
(13) g1z, W)—H (x) = kl(y 2 ) kz(y Y )
X X x X X
, 2%zw, [yz yw\ z—yw? yz yw
(14)  go(z, W—2ywh'(x) = ———5—k| — — |+—— Yk | == — |,
X X X X X X
- z2 z yw\ zw z YW
(15) F' () —w2H (x) = Sk, (y—, y—>+—2k2 (y—, y—)
X X X X X X

Solving for ky ((yz)/x, (yw)/x) and k, ((yz)/x, (yw)/x) using equations (13) and
(14), plugging the result into equation (15) and simplifying using x = z+ yw?,
we get

(16) 22 g1 (z, W) +wzgs (z, w) = y> w2 f'(y) —x* I (x).

Taking a derivative with respect to z we have
d
(17) d—z~[22 g1 (z, wy+wzg,(z, w)] = 2xk’ (x)+x2 b (x).

Consequently, since the right-hand side of equation (17) is a function of z + yw?
while the left-hand side is not a function of y, it follows that both the right and
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left-hand sides of this equation are equal to a constant, say c;. We are left with
the following differential equation:

(18) X2 (X)+2xH (x) =c;, [X*H X)) =c;.

Consequently, and due to the symmetric roles of f and‘h, we have

! _c—l c—z ’ =c—3 &
(19) Kx)=—+3 [0 y T

Now from equation (19) we get, after integration and exponentiation,

(20) | l;(x)ocx—“exp(—%) f(y)ocy_“exp(—;—"'),

Recall that x and y correspond to the unconditional variances v, and v,.
Consequently, we have shown that global parameter independence alone im-
plies that v; and v, have an inverse gamma distribution given by equation (20).
One may in fact consider this result as a characterization of the gamma distri-
bution. Of course, given a Wishart distribution, it is well known that the
marginal distribution for v, and v, are inverse gamma, but there are possibly
many other pdfs with such marginal distributions. We proceed to show that
there are further restrictions implied by equation (12). To do so we find the
general solution for g(z, w).

The solution for g(z, w) is determined by the partial differential equation
obtained by plugging equation (19) into equation (16), which yields

22 g1(z, W)+ wzg,(z, W) = —cy X—C3+C3 yW2 +cq W2
and, since y must cancel on the right-hand side, ¢; = cs, it finally reduces to
1) 2291 (z, W)+ wzg, (z, W) = —ciz—cy+ca WP

The corresponding homogeneous differential equation, after a change of
variables s =z and t = w/z, becomes s?g,(s, ) = 0 (s > 0), which yields by
integration with respect to s that g(s, t) = H (t), where H is an arbitrary differen-
tiable function. One solution to this differential equation, which can be verified
by substituting it into this equation, is given by

caw?
z

1 ¢
or (e, ) = crlop -+ 24+ g,

Consequently, the general solution after exponentiating is given by

caW?

(22) gz, wocz™¢ exp(—cz—z) exp( )I—T(w /2).
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We can further rewrite equation (22) as follows:

—- —w2\ .
(23) Gz, wyocz™® exp(j)exp(—M)H(w/z),
z 262
where w is the expectation of w. Thus the general solution for fi (W) is given
by

(24) fw(W)ocy “exp (—674) z “lexp (_ch) exp(—(w—2_~6—~2—>H(w/z)

Rewriting y, z and w in terms of W and using the fact that v, is independent of
{v1)2, bz1} yield fw (W) = W(a, T)- H(wy,), where H (wy;) = H(—w,,). This is
the most general type of pdf that satisfies global independence. When H is
constant, the resulting pdf is a Wishart. We are not aware of other known
bivariate pdfs that can be written in this form. We shall now show that if local
independence holds, H must be constant and the Wishart pdf characterization
is completed.

Let v = \/; and t = (w—wy)/v. That is, ¢t is the standardized regression
coefficient. By using this notation, equation (23) has the following functional
form:

(25) 50, ) = a) b H (W°U+ ”t)

Local independence implies §(v, t) = d(v)e(t), and, therefore, equation (25)
reduces to

26) H<W°; vt ) — Gw)R .

Taking the logarithm yields

@n L(W°v+ ’”) G )+ K1)

Taking a derivative once with respect to ¢ and once with respect to » we obtain

(28) £L<WOU+ Ut) =K (t), _(%_‘_iz) I <Wov'i2' Ut) el (U),

v

and, therefore,
t
(29) —(%%) K'(t) = G ().

By setting two distinct values t; and t,, we get

(30) (2;? t1>K' (t) = (2—W‘1+t2) K'(ty).
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Thus either K’ (t,) = K'(t;) = 0 or wo = 0 in which case t; K' (t;) = t, K'(t;). In
the first case, due to equation (28), L (z) = 0. Consequently, L (¢) is constant, and
so is H(t). In the second case, K'(t) = ¢/t for some constant c, thus, from
equation (28) (with wo = 0), L(x) = ¢/x, and so H(x) = ¢, x".

Recalling the probabilistic interpretation of equation (24), where z = vy,
and w = by,, we observe that the conditional pdf of w given v, is a generalized
normal pdf determined by

fw| Uz|1)°CchXP(—-(W_—WO)Z->.

2C6 Uayy

Thus, for w, to be the expectation of w, ¢ must equal zero, implying that H (x) is
constant.

5. The full bivariate equation. In this section we prove Theorem 1 in its full
extent. By renaming variables and functions, equation (7) can be stated as
follows:

31) f(m, ngn, z, w) = h(n+wm, x) E(u, %, Xg),

where x = z+yw?, y > 0, and z > 0 and where u = (z/x) m—[(yw)/x] n. Using
the same technique as in Section 4 we obtain the following equality between
the second partial derivatives of f and g with respect to their first argu-
ment:

(32) Vfi1(m, y) = zg11 (1, z, w)

(as in equation (11)). Thus each side must equal a constant and, by integration,
we get

(33) yfi(m, y)=2cm+a(y), zgi(n, z, w)=2cn+b(z, w).
- Similarly,
xhy (n+wm, x) = 2e (n+wm)+r(x), Lkl (u, yz’ yw ) deu+ (J’ yw)
X X x x x

Taking the logarithm and then a derivative with respect to m of equation (31)
yields

(34) fi(m, 3) = why (n-+-wm, x)+= kl( T )

Plugging the expressions for f;, h; and k, and grouping all terms that contain
m we obtain e =c, and, using x = z+ yw?, we get

(35) a(y) = ywR (x)+q(¥— y;‘”)
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where R(x) = r(x)/x. Taking a derivative once with respect to y, once with
respect to z, once with respect to w, we get the following three equations:

(36) () =wRE)+yw R ()+ 2q1(yz y:)+~“-’§q2(3, 1”3)

X x’ x
2w z yw\ W z yw
0= yR'(JC)W+y q (y —‘2“12 y_a_ 3
x> x/) x x’ x
0= JR()+ 252 W R (9= 22 gy (Y2, 29 220 0 (22, 2
_y_ _'y - x2 q1 X, x y x2 q2 x: x .
The last two equations yield
(37) W (3: y;v) 2wx? R’ (x) + xwR (%),
y y 2 p/
(38) yw ql( —) = wx? R’ (x)+ wxR(x).

Plugging these equations back into equation (36) we have, using x = z+yw?,
w# 0,

(39) ya () = ZR()+ R ().

Setting w = 1 yields that both sides of equation (39) must equal a constant,
say C. Thus ya'(y) = C and

- (40) Cw = xR (x) +x% R’ (x).

Now setting y = 1 in equation (40) we obtain C = 0. Thus a(y) = a, where a is
a constant. Consequently, from equation (40) we get R’ (x)/R(x) = —1/x and,
therefore, R(x) =r/x, where r is a constant. Thus, from equation (35),
q(s,t)=a-—rt.

Plugging these solutions into equation (31) yields an equation where
m and n cancel out, and y, z and w as free variables. This is precisely the
functional equation given by equation (12). Thus, the joint distribution for the
precision matrix is given by equation (24) and it is a Wishart pdf if local
independence is assumed. By integrating equation (33), using a(y) =a we
immediately infer that the conditional distribution of m is normal, and similarly
for n.

Concluding remarks. The notion of local and global parameter indepen-
dence has also been studied in the context of Bayesian estimation of a joint pdf
p(s, t) from a sample of pairs of values when s and ¢t are two discrete random
variables. An analogous result to Theorem 1 has been established in [4], which

9 — PAMS 18.1
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characterizes the Dirichlet distribution. Let 0;;, 1 <i <k, 1 <j < n, be positive
random variables that sum to unity. Define

01 = z gija 9[. = {Bl}k;fa le = ‘J/Z 6!15 and 0J|i = {01|1}7;11
j=1

Geiger and Heckerman [4] show that if and only if {0, 8;, ..., 0,} are
mutually independent and {6 ;, 0y, ..., 0,} are mutually independent (where
0, and 9” ; are defined analogously), and assuming strictly positive pdfs, the
pdf of 0;; is Dirichlet.

We have shown that local and global parameter independences charac-
terize many known conjugate sampling distributions including the Dirichlet
[4], the bivariate normal (Section 3), the gamma distribution (Section 4) and
the bivariate Wishart distribution. We conjecture that global and local parame-
ter independences also characterize the n-dimensional Wishart distribution. In
the case of Dirichlet distributions, the n-variate characterization follows from
the bivariate characterization without solving additional functional equa-
tions [4]. However, for the normal-Wishart characterization the situation
looks more complex since new functional equations are introduced as the
dimensionality increases.

In the study of decomposable graphical models and Bayesian networks
the assumption of local independence can be bypassed without serious
complications, however the assumption of global independence is indispensable
for achieving a manageable prior-to-posterior analysis (see [2] and [5]). Thus
it is important to characterize the set distributions that satisfy global indepen-
dence alone and to provide specific examples of such distributions that can be
used as prior distributions for model selection of graphical models. This paper
provides a step towards this goal.
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